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Harmonic functions , laplaces Equation: 



D & s^l^j u, v 6 c/ 2 < D J / = u + iv o$ lij 



u x 2 ~ v yx 



rr n 
U 2 = —V' 

y z 



yx 



V 2 u = u" x2 + Uy 2 = 0 



Z) (J i^Sslj!! jjIj t^A-**<j t^^j^ italsw (_yi-*«j (jiiij 
. jLSsljflo (jLSsl^j jLsjb XL , V jLi (jjLJ^j f gjlill J35o IoJux- 

oiihdJI uLlj'I^)ILj jjjUjV oJalaa 



1 1 

V 2 u = Up P + -u'p + -jpU'lpy = 0 

: n i mj i n 

gjli) J^uJI ^uJiil^ (^il^-oJl ^clSJI j^ISJL) D (J jUj _ ^3^ ^^^Ls^o (jLSJLco^ jLHsl^j V311 jl5 IS] 

. JwlPcJ ^3^3 (^-cfli> C-jJ>" jIj^So Ujb^lS JoJu-C- 

: Jlio 

u x 2 = 2 , Uy2 = —2 
V 2 u = 0 V(x,y)efl 2 
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u x = 2x = Vy ... 1 



Uy = -2y- 1 = -v x ...2 



=> v(x,y) = f 2x dy + /i(x) = 2xy + /i(x) 

-2y - 1 = -(2xy + /i(x)) => -2y - 1 = -2y - h'(x) 

—h(x) = —1 => h(x) = x + c 
v = 2xy + x + c 

/(z) = u + iv = (x 2 — y 2 — y) + i(2xy + x + c) 

= (x 2 — y 2 + i2xy) + i(x + iy) + ic 
f(z) = z 2 + iz + ic 

: (r) ii»> 

f{z) = u(z, 0) + iv(z, 0) = z 2 + iz + ic 
: 6b Lid I b Loll I 

IJlC3 < LjsJlIC i^y^J jr^- I&JlIC c9>sws jl5 lil /"(z) £jiJI J^>3 SSUi iLiij L^jl Zq dhsu qS- Jjiij 

iob 3hS:ll (_y»-aJ dU5 



: Jllo 



/ = 



2z-4 
z 2 + l 



5SUu Jalij vS3^=J ^9 f ^ij 21 ^ ic-j^xpuo (j ^^i^lo I^j^o ^I^jI oS^-ol lil itjj^^o L^jl oSLDI 4^>Sill fj£- ijjiij 

Zq jr\£- /gjllU 
^2 



/0) = 



sinz 




^ V £6jqLq <jjo aaliaj Q^in jOtiJlr:^ jjo Uq-u.uJ U 




:(dJI j>U gi) ia'nU ALlnJI ah bid I hlnill 

jd- dJ5 jr^3 4 3c>Jlplo3 Si^^o lim f (z) il&JI ColS ISI iJljiU ibis f gliil Zq ikiJI 

z^z 0 

. ajijju ibis 



/(*) = 



sinz 
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sinz 



lim — 1 =^ h$y>yz jSt ^ij^U iJblS9 SiL^ Z — 0 

z^O z ~ 



:Jl±o 



lim — =^ Sayj-j* jrvi il^ill : jSt oSLi Z — 0 
z-»0 z 

. ajij>u ajbis c~*j z = 0 isi 
/(z) = cos- 



.jlia 



.illj)U ibis C....J Z = 0 JbJli Z -> 0 UjlLc il^i ^ jSJj oiU Z = 0 

: /^ullil aJI j)U aLLa jiaJIg ahlwJI bLdill uiiinj 

: 03S0 n (^-gM^ill i jlszJI IS] 

lim [(z - z 0 ) n /(z)] * 0 

Z^Zq 

f J 4jjjJs3»- 3I <U^>LJ SSLu 4iaiij Zq (_y^u*3 LLjLs dUi jJlxj ISj3 / J tt ijj-U (j- 0 ^0 Lr a ~ M - > 



:JLlo 



i)lj)U ibis jrvfr ^3 SSU ikaj Z — 0 

lim (z - O) 1 /^) = 1 

z->0 

1 n 

-J iuj^l Cy*)k^j Uos Z = 0 
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n sinz 
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sinz sinz 
lim z n — — => n = 1 => lim z — — 



= 1*0 



z->0 



z^O 



(\) l3ji\ & ^JaS Z = 0 



/(Z) = ez" 1 . 

SSL* 3hS> Zq — 1 



lim 

Z~>1 



ajijiu ibii z = 1 



lim(z — l) n = s^^o ^ 

z->l 



AJZq = 1 



/(*) = 



z+2i 



(z 2 +4)(z+5) 2 
. SSLi i=Loj Z = —5 , Z= +2i 



Z = -2i => /(z) = 



z+2i 



(z-2i)0+2i)0+5) 2 

z + 2i 



lim f(z) = — w ^ . w 

z^-2i y w (z - 2i )(z + 2i )(z + 5) 2 



lim /(z) = -— — — 
z^-2i y w 80 + 84 i 

ajijbu ibisz = — 2i 



= -2 



z + 2i 

z^2i (z - 2i )(z + 2i )(z + 5) 2 





lim (z 

z->2i 



-20 



.ajijju ibii jj* z = 2i 
z + 2i 



(z - 2i )(z + 2i )(z + 5) 2 (2i + 5) 2 



0 



.Ja-ccuj L-Jaa Z-,=2i 



Z= -5 



lim 



z+2i 



(z-2i)(z+2i)(z+5) 2 
Mjp ibis j£ Z= -5 

z + 2i 



lim (z + 5) 2 - ——7 ^—77 ttt 

z^-5 v y (z-2i)0 + 200 + 5) 2 

ioliJI iJj-U jjo i^JoS Z 3 = -5 



-5 - 2i 



± 0 
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